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ABSTRACT

Spacecraft structural systems and subsystems are subjected to a
number of qualification tests in which the proof loads are chosen at some
level above the simulated loads expected during the space mission, Assuming
fracture as prime failure mechanism, and allowing for time effects due to
cyclic and sustained loadings, this paper treats an optimization method in
which the statistical variability of loads and material properties are taken into
account, and in which the proof load level is used as an additional design
variable, In the optimization process, the structural weight is the objective
function while the total expected cost due to coupon testing for material
characterization, due to failure during proof testing, and due to mission
‘degradation is a constraint. Numerical results indicate that for a given
expected cost constraint, substantial weight savings and improvements of

reliébility can be realized by proof testing.
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I. INTRODUCTION

Structural‘design is the sizing and synthesiz-
ing of structural elements in space for certain
intended purposes. Although the purposeful geo-
metrical arrangement of the structural elements
can be accomplished with adequate, better, or
optimum results, in structural optimization it is
usually assumed that the geometrical configura-
tion of the structure is given as constant. It is
also assumed that the design and optimization are
performed with the sizes of the individual struc-
tural elements being used as generalized coordi-
nates. These coordinates are varied to deter-
mine, within specified constraints, those values
that will yield an extremism of a given objective

function.

The objective function to be extremized may
be structural weight, cost, reliability, etc. In
many cases, it is necessary to determine how
weak the structural elements can be designed with-
out resulting in too many failures. Indetermining
this weakness, one should recognize that struc-
tural loads and structural strength properties are
satistical variables and, therefore, it is not pos-
sible to eliminate all structural failures. There
will always be a finite probability of structural
failure, and the most one can hope for is to limit

this probability to a tolerable value. Thus, the
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desire to set the probability of failure as low as
possible, i.e., to set the structural strength as
high as possible, is unfortunately countered by the
necessity of reducing the structural weight to a
minimum and/or by the necessity of keeping costs
within tolerable limits. It follows that an increase
in structural reliability (probability of structural

survival) must usually be paid for by an increase

in weight, or cost, or both.

Once the structural is designed and built, the
question then arises concerning the reliability of
the particular structure. The answer to this ques-
tion is not simple. The most careful analysis and
design before building the structure, taking into
account the statistical variabilities of material
properties, loads, and other measurable param-
eters, become meaningless when, during the
manufacturing process, an error is committed
that was not allowed for in the design. In a sta-
~tistical sense, such errors could be allowed for in
the design procedure if estimates of their proba-
bility of occurrences and severity are included in
the reliability evaluation of the structure. How-
ever, for structural systems involving new proc-
esses and techniques, such estimates are by
necessity very vague because of the lack of infor-

mation on which to base them.



Therefore, one is left with two essential con-
tributions to the statistical strength variability of
the structure: (1) the statistical variability of

measurable quantities, such as material proper-

ties, dimensions, etc., and (2) the statistical var-
iability of chance events, such as gross errors
during design, gross errors during fabrication,
etc. In this report, only the statistical strength
variability due to measurable quantities is con-
sidered, It can be shown later that as far as
structural reliability is concerned this considera-
tion is on the safe side. Additional information,
which may become available regarding chance
events, can be incorporated in the structural
strength distributions without causing a change in

the basic approach as set forth in this report.

Spacecraft structural systems and subsystems
are subjected to a number of qualification tests in
which the structural components must withstand
specified environments (proof loads) that are in-
tended to simulate the various types of induced
stresses at some level above those expected dur-
ing the space mission. The purpose of these
proof-load tests is to eliminate those structures or

structural components that are too weak.

It is clear that after the structural system or
subsystem has passed the proof-load tests, its
statistical strength characteristics are radically
changed. For instance, assuming negligible time
effects during proof-stress application, the sta-
tistical strength distribution, at the particular
point under consideration in the structure after the
test, will be truncated at the lower end up to the
proof-stress level. A similar statement is true
for the proof load applied to a structure and the
resulting truncated overall structural strength
distribution. This truncation eliminates, through
the proof test, preciselythat portion of the strength
distribution that is least known and that has the
greatest interaction with the applied load distribu-
tion (Fig. 1). Reference l contains some impli-
cations of screening out weak elements wilh a
proof test when the proof-stress distributionsare
similar, dissimilar, and identical to the applied-
load induced stresses; Ref. 1 also includes some

simple aspects of optimum designs.

Reference 2 introduces the proof-load test

level as a design parameter. It is shown in Fig. 1

that the choice of the proof-load test level consid-
erably influences the reliability of the structure.
In the associated optimization problem, with
weight as the objective function and total expected
cost as a constraint, Ref. 2 indicates that an opti-
mum proof-load test level can usually be obtained
with an increase of reliability and a decrease in
weight as compared to conventional optimum de-
signs in which the proof load is not considered in
the reliability evaluation. In Ref. 2, the expected
cost consisted of the expected cost of mission
failure due to structural failure plus the expected
cost of failed subsystems (or components) during

proof-load testing.

Frequently the optimum proof-load test level
is considerably different from the mean struc-
tural strength. Since the probability density func-
tion of the structural strengthis usually only known
with a certain degreé of confidence close to the
mean strength, it would be necessary, in such
cases, to establish, through extensive specimen
testing, strength density function at points far
apart from its mean. This effort can add sub-
stantial additional costs to the overall evaluation
process if the strength density function is not

available.

In Ref. 3, this additional cost item has been
allowed for by the fact that a linear increase of
testing cost was assumed with an increase of the
difference between mean strength and proof-load
test level. The effect of this additional cost is an
increasing tendency to reduce the difference be-
tween mean strength and proof-load test level as

the additional testing cost is increased.

In this report, which includes the essential
aspects of Ref. 4, an approach similar to that in
This

approach also includes in the expected cost con-

Ref. 3 is taken in the optimization process.

straint, the cost of establishing the truncated
strength distribution function by specimen testing.
Fracture mechanics dealing with essentially brit-
tle fracture has been chosen here as an area of
application, since fracture mechanics design, as
compared to other structural design approaches
in which considerable bulk yield occurs before
failure, tends to be more susceptible to statistical
The wide scatter of the re-

strength variations.

sults of tests leading to failure is assumed to be
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an inherent property of the material and is treated
as such for the purposes of this report, which
concerns the investigation of trends of behavior
rather than absolutes. A detailed discussion of
various probability models for the characteriza-
tion of material properties and their implications
with respect to specimen size is given in Ref. 5.
This report also considers volume effects and time
effects, such as fatigue due to cyclic loading and

flaw growth due to sustained loading.

JPL Technical Memorandum 33-470

In spacecraft structural design, fracture me-
chanics concepts can be most readily and meaning-
fully applied to pressure vessel subsystems. This
report is mainly concerned with pressure vessel
design optimization, although the concepts putforth
are equally applicable in other areas of design. As
will become apparent from this investigation, this
approach tends to become more meaningful as the
systems, subsystems, and components become less

expensive relative to the overall project cost.



II. FRACTURE MECHANICS CONCEPTS

Fracture :nechanics treats failures that occur
because of the presence of existing flaws in the
material. The stress intensifications that are
induced at the edges of a flaw correspondingly in-
crease locally the stored energy. If this stored
energy just ahead of the flaw tip becomes larger
than the energy needed to create the new surfaces
resulting from an extension of the flaw tip, then
the flaw increases until energy balance has been
restored (Ref. 6).

enough, or if additional energy in some other form

If the applied stress is high

is applied, the energy balance at the flaw tip will

not be restored and catastrophic failure will occur.

Hence, for a given flaw size, an applied critical

stress exists that causes rapid propagation of the

flaw without further increase of the applied stress.
In ductile materials that generally have small ini-
tial flaw sizes, this critical stress approaches the
material yield strength, while in brittle materials
the critical stresses are usually less thanthe yield

strength of the material.

The original work in fracture mechanics is

associated with the name of Griffith, who solved

the problem of a flaw in an elastic material (Ref. 7).

Griffith's theory has been generalized by Irwin
(Ref. 8) to include plastic deformations at the

crack tip. Recently, a number of authors, e.g.,

4

the authors of Refs. 9 and 10, have extended these
investigations to include (1) the effects of the prox-
imity of flaws to the material surface, (2) the
effects of sustained loading, and (3) the effects of
cyclic loading. Mainly as a result of these works,
fracture mechanics can be put on a quantitative

basis by the following equation:

K 2
IR
ch 'I'I'Mi R

where a is the minor semiaxis of an elliptically
shaped flaw at onset of rapid fracture as shown in
Fig. 2. Figure 3 shows that Q is a flaw shape
parameter that depends on the ratio of applied
stress to yield stress. The subscript cr denotes
the critical state at the outset of rapid fracture.
On the right side of Eq. (1), ¢ is

rection factor that varies with the location of the

s numerical cor-
flaw with respect to the free surface. For surface
flaws, ¢ = 0.83 and for internal (completely em-
bedded) flaws, ¢ = 1.00 (Fig. 2). The factor My
indicates the effect of flaw size compared to that
of material thickness. Figure 4 shows typical

curves for My and experimentalvalues as functions

JPL Technical Memorandum 33-470



of the ratio of flaw size to material thickness h.
The fracture toughness Kj. indicates the capability
of a material to resist fracture in the presence of
a flaw under an applied tensile stress R (resisting
strength) perpendicular to the flaw plane; it is
sometimes called the critical stress intensity fac-
tor. The subscript I refers to the opening mode
of fracture for plane strain conditions. The value
of K. generally depends upon such factors as heat
treatment, temperature, etc. Filgure 5 gives a
typical curve and some experimental values of K;.
as a function of temperature. The fracture tough-
ness is higher for the plane stress fracture mode
than for the plane strain fracture mode, with some
transition values between these two modes. Fig-
ure 6 shows a typical variation of the fracture
toughness with thickness h, where K. is the frac-
ture toughness referring to the opening mode of

fracture for plane stress conditions.

If the applied stress S perpendicular to the
plane of a flaw is less than the critical fracture

stress R, Eq. (l) has the form

where KI

intensity factor.

is any applied noncritical plane strain
Figure 7 shows schematically
the applied stress as a function of the flaw size

parameter a/Q along constant lines ofKIc and KI'

Equations (1) and (2) are the basic equations
describing the relationship between crack size and
applied stress for the simplest case; i.e., that of
a single, short-time stress application at a con-
The

design of structures requires additional consider-

stant temperature in an inert environment.
ations beyond these. Environmental effects such
as temperature, cyclic loading, and corrosionhave
a pronounced influence on the fracture character-
istics of structures. Many materials fracture not
only when a certain critical stress is reached but
also at relatively low stresses after being subjected

for a certain time to sustained loading, or after a

certain number of load cycles, or any combination

JPL Technical Memorandum 33-470

thereof.

which not only the level of applied stress is of

These are time-dependent cases in

importance but also the duration of stress or the
number of applied stress cycles. Such cases in-
volve subcritical flaw growth; i.e., the slow
growth of a flaw until it reaches its critical value
and catastrophic fracture occurs. Subcritical
flaw growth is conveniently indicated by curves of
Ki/Kic. versus time or cycles of loading to failure
that are determined from tests on preflawed spe-
cimens by a change in both the initial flaw size and
the applied stress. Figure 8 shows typical curves
for cyclic loading, and Fig. 9 gives typical curves

for sustained loading.

The curves for sustained stress applications
have characteristic trends showing that for a given
material and environmental condition practically
no flaw growth occurs until a certain threshold
ratio of K/KIc is reached. In Fig. 9, this thresh-
old is approximately 0.9 for titanium and 0.75 for

aluminum in a liquid nitrogen environment.

The effects of corrosive and oxidizing envi-
ronments vary considerably for different mate-
rials, but they usually lower the threshold stress
intensity values. Temperature also affects the
breakdown process in a number of ways. For in-
stance, as shown in Fig. 5, Kj. depends on tem-
perature, and corrosion and oxidation are usually

accelerated with increasing temperature.

A typical schematic design case is shown in
Fig. 10. It is assumed that the loading history is
as shown in Fig. 10a, in which a proof load is
initially applied at time Tp, then a cyclic load is
applied between times Tg and T, and then a sus-
tained load between times T and Tp. Also, itis
assumed that the maximum initial embedded flaw
size parameter is (ai/Qi)' The proof load, being
of short duration, has a negligible effect on sub-
critical flaw growth. The cyclic and sustained
loads, however, determine the maximum allowable
operating load as indicated by the arrows in Fig.
10b. During cyclic loading, the flaw increases
from point @ to point @ (Fig. 10b), and under
sustained loading it increases from point @ to
point @ when the critical flaw size for the applied

operating load is reached and fracture takes place.



This design process requires knowledge of the
largest initial embedded flaw size, whichisusually
not available. By proof loading the structure, it is
established that the largest initial flaw is not
larger than that indicated by point @ in Fig. 10;
however, no knowledge is provided as to howmuch

smaller it might be.

The preceding discussion indicates that to
fully characterize the material properties, all the
possible environmental and loading conditions
must be taken into account and extensive experi-
mental data must be generated. This is not only
time-consuming; it can also become intolerably

expensive.
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III. STATISTICAL ASPECTS OF FRACTURE

It is recognized that the strength of material
is a random variable. In fact, the statistical
properties of material strength were investigated
extens{vely (Refs. 11-15) under one-dimensional
stress-field applications. In fracture mechanics,
the major reason for the statistical variation of the
material strength is attributed to the statistical
variation of the embedded flaw sizes that appear
to be inherent characteristics of the material. It
is mainly due to this fact that the strength of the
material is far below the theoretical value com-

puted from atomic bond considerations.

Without essential loss of generality, a two-
dimensional stress field (plane stress), as com-
monly associated with the stresses in thin-walled
pressure vessels and other thin-walled structures,
is assumed here for the derivation of the statisti-
cal distribution of the resisting strength of the

structure.

Let the structure be divided into small mate-~
rial volume elements, each containing one flaw.

Equations (1) and (2) are then written as

1/2 K
Ic -1/2 _ -1/2
Mo 3 = A a

k J c’j (3)

Rj = (':':r')
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1/2 K
s, = (&) e ? - aaltf? (4)
j B j

in which Rj and S, are, respectively, the resisting
stress and applied stress normal to the plane of
the flaw of size parameter aj = (a/Q)J. contained

in the jth volume element Vj'

Since ay has by far the largest statistical
dispersion as compared to the statistical disper-~
sion of the other parameters in Eqs. (3) and (4),
it is assumed that A and A are deterministic

constants.

Under the weakest-link hypothesis, which
states that failure of the structure occurs when
any one of the material elements is subjected to
its critical stress, the statistical distribution of
the resisting strength of the structure can be de-

rived from that of R;, whereas the statistical dis-

Jy

- tribution of Rj can be determined from that of aj

by a transformation of Eq. (3). Thepresent state

of technology does not allow, in most cases, the

direct measurement of the distribution of aj-.

Therefore, the distribution of Rj is determined
from results of uniaxial tensile tests of specimens,

henceforth referred to as coupon tests.



Let S and R be, respectively, the applied load
to and the resisting strength of the structure, and
let s¢j1 and S¢J.2 be the analyzed principal stresses
at Vj due to the application of S. Here, ¢j1 and
¢j2 are functions of the spatial coordinates and
If Bj

is the angle between the plane of the flaw contained

stiffness properties defining the structure.

in Vj and the principal stress S¢j1, the applied

stress normal to the plane of the flaw is then

2 . 2
Sj = Sd)jl cos Gj +S<1>].2 sin Bj (5)

It is reasonable to assume that the aj,
j=1,2,3, *+*, m are statistically independent and
identically distributed and that the angles ej’
j=1,2,3, -
and uniformly distributed between 0 and m/2. Thus,

, m are also statistically independent

2 T
fej(x) = fgx) ==, 0sxsZ (6)
= 0 otherwise

in which fe(x) is the probability density function
of 8.

The probability of failure of the entire struc-

ture due to a deterministic applied load S is

p; = P[R=8]=1- j}?l{l - P[Rj < SJ.]} (M

where Sj is the applied stress due to S normal to
the plane of aj and P[E] is the probability of
occurrence of the event E. Equation (7} simply
states that the survival of the structure implies

the survival of each volume element.

The unconditional probability of the event
[Rj = 8;]for given 0; = ¥, P[R; = s;0; = ¥],
follows from Eq. (5),

For uniaxial tensile tests (coupon tests) in
which ¢j1 = 1 and ¢j2 = 0, Eq. (8) yields

R,
P|R. =S.e, = ¥| = Pl—L— =5|=F, (s 9
[J JlJ :I I:coszup ] Rju<) )

where iju(x) is the distribution function of the
uniaxial tensile strength for the jth volume ele-

ment, and

R, = —1_— (10)

From experience, e.g., Refs. 5 and 11-15,
the distribution function FRC(x) of the uniaxial
tensile strength R, of the coupon specimen with
volume V. can be represented by the Weibull

distribution

Vc(x-xp.)l
Fo (x) = 1- .= , > (11)
R = oot o xExy

in which Xp.’ Xg and k are parameters characteriz-
ing the particular material and v is the unit

volume.

The distribution function of the uniaxial ten-
sile strength Rju of the jth volume element fol-

lows from Eq. (11) and Refs. 1,5, and 10-12,

FR. (x) = 1-exp
ju

- (12)

e

Y|

- , x2x
EN ;

With the aid of Eqs. (9), (10), and (12), Eq.
(8) yields

P[Rj < sjlej - ¢] -

1 - exp -— % (13)
P[R. < sle; = 41] =
3 il —
2 2 " The unconditional probability can be obtained
< . e
P[Rj S¢J1 cos™ Y + S¢J2 s ] (8) from Egs. {6) and (13) as follows:
k
2 /2 Vj S(ijl + 4)3.2 1:an2 ‘P) - %, 2
P[RJ. < sj] =1-2 exp §- 1 = av, s(q;J.l +4,, tan ¢) 2 x, (14)
0
8
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The distribution function cf the structural strength FR(S) follows then from Egs. (7) and (14) as

k

, m /2 V. S(d:.l té., ta.n2 ‘P) - X >

F.(8) =P[R=sSlal-&J7 exp ] J J i dy, Slé.. +é., tan“ V) = x
R ™l v EN 1 7ie

Y0

L

(15)

The integration with respect to ¥ in Eq. (15), in general, cannot be carried out analytically. If it is

assumed that the mean value -éj = /4 as an approximation for the orientation GJ., Eq. (15) yields

k
m \' S(:b. +¢.,) - x 1
- i il 32) B
TR 2 3{11 N T[ %0 } r Sleyy Tz Ey, (16a)

with the approximation

dv, S(d:'1 + ¢2) z x (16b)

FR(S):I-exp - -—[ "

The last approximation leading to Eq. (16) is equivalent to the criterion that fracture occurs when-

ever the sum of the two principal stresses exceeds some critical constant value C; i.e.,

Sé, +Sé, = C (17)
For a spherical pressure vessel in which approximately ¢1 = ¢2 = & = constant, the distribution
function of the vessel strength becomes
v 2S¢ - x, k
FR(S):I-exp -T_X—o_ s ZS¢2xH (18)

in which V is the total material volume of the pressure vessel.

It follows from Eqs. (16) and (18) that the distribution function of the strength of the entire structure
under two-dimensional stress-field applications is also a Weibull distribution in which the parameters
xp, xq and k can be estimated from‘coupon tests. The estimation of XH' xq and k can be obtained from
the results of coupon tests by the method of moments; i.e., the population mean my, the variance m,
and the third central moment m, are, respectively, equated to the unbiased sample mean ?n_l, the vari-

ance ﬁz and the third central moment 'rﬁ3, where

1]
»
+
w
<
H
————
—
+
|~
e

m

m, = x [I‘(l + Ti')' 1"2(1 + '1'1’)] > (19a)
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and

10

El

3l

m3

n
n —_ 3
"@- - Z)ZW,- - =) ),
j=1

— 1Z:(Yj -m))° > (19b)

Here

n is the number of coupon tests, Y. is the observa-
tion of the jth test result, and I'(-) is the gamma
function. Equating Eq. (19a) to Eq. (19b), one
obtains three equations for the determination of
Xy Xq and k. Other methods of estimation can be

found, e.g., in Ref. 10,

JPL Technical Memorandum 33-470



Iv. TIME EFFECTS

In Section I.I, it was mentioned that during
cyclic loading, and during sustained loading above
a certain threshold value, subcritical flaw growth
is expected. In this report, it is assumed that the
time relationships of these subcritical flaw growths
are representable by deterministic relations that
are determined experimentally from tests on pre-
flawed coupons by varying both the flaw size and
the applied stress. As can be seen from such
typical data as shown in Figs. 8 and 9, the changes
of the ratios Ki/Kyc for the cyclic and the sustained
case, respectively, can be written in the general

form

R‘I' = W(n) (20)
Ic

K;

= = Ul) (21)
Ic

in which n indicates the number of cycles to fail-
ure and t is the time to failure. The functions
W(n) and U(t) are monotonically decreasing func-

tions of their arguments.

JPL Technical Memorandum 33-470

From Egs. (3), (4), (20) and (21), one obtains

S .

E(i = W(n) (22)
cj

S .

ﬁil = U(t) (23)
sj

in which Scj and Ssj are, respectively, the stresses
due to cyclic and sustained loading. The terms
ch

jth element before the application of Scj and Ssj'

and Rgj are the corresponding strengths of the

The function U(t) usually has a characteristic
shape that can be approximated by an exponential
decay to the threshold value. Thus

U = b+ re /T (24)

where b and T represent the threshold value and a

characteristic time, respectively,and t denotes the

time to fracture in log scale. The parameters b,

T and r are material properties depending on the

environmental conditions such as temperature, etc.
It should be noted that the above equations are

valid for a particular volume element; i.e., for a

given stress distribution they are also valid for

11



the weakest volume element. However, since the
structural strength R can be assumed to be equal
to the strength of the weakest material volume ele-
ment, the strength deterioration of the structureis
equivalent to the strength deterioration of the weak-

est volume element.

In this report it is assumed that subcritical
flaw growth, i.e., the time-dependent deteriora-
tion of structural strength is negligible under the
short duration proof-load test. This assumption
seems justified on the basis of the following two

considerations.

First, during proof loading the embedded
flaws in the structure may undergo some growth.
If at the instant of unloading from the proof-load
level the structure has not failed, then the maxi-
.mum flaw in the structure at that moment was less
than the critical flaw associated with the proof-
load level. During unloading, additional flaw
growth may occur. However, based on available
test results for rates of unloading comimonly
employed, e. g, during pressure vessel proof-
load testing, this additional flaw growth is either

not detectable or it is negligibly small.

Second, during proof loading, some rearrange-
ment of the statistical flaw size distribution may
take place. To this time, it has not been possible
to assess the effect of such a change in flaw size
distribution. Although in some cases (depending
on the degree of ductility of the material) it can be
argued that proof loading has a beneficial effect on
the subsequent strength behavior of the structure
because of the "'shakedown'' phenomena, the redis-
tribution effect on ultimate strength is probably

negligible compared to other effects.

Based on the above assumptions and consider-
ing a loading history as shown in Fig. 10, the
deteriorated strength of the structure, after appli-

cation of the proof load So and n loading cycles

12

with amplitude S, can be derived from Egs. (3),
(4), and (22) in the following form:

R(n)

1]
=
é|
o
ey
wn
(]
| S
n
o]
1
é:
Py
NI wn
o
e
'
]
\
o

=0 otherwise (25)
where R, is the structural strength after proof-

load application. Similarly, by the use of Eqs. (3),
(4), (23), and (24), the deteriorated strength after
application of the sustained load with amplitude Ss
for a time period T following applicationof nload-

ing cycles with amplitude SC is

Ss Ss
R(T) = 1 ss for 1 > R(a) > b
U|u I{—(n—) -T
U'l(-—si—) T >0
R{n)/ ~
S
o R(n) for b = R(;
=0 otherwise (26)

In Eqs. (25) and (26), W™ (x) and U™ }(y) are the

inverse functions of W(x) and U(y) in Eqs. (22)and
(23), which represent the number of cycles-to-

failure associated with SC/RO = x and the time-to-
failure associated with SS/R(n) = y, respectively.
Expressions similar to those in Eqgs. (25) and (26)
can be derived if the loading sequence of S, and S

is interchanged.
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V. PROBABILITY OF FAILURE

Those structures that have passed the proof-load test are to be used in actual mission applications.
The original strength distribution for these vessels has been changed by the proof-load test. Thischange
must be accounted for in the reliability evaluation. If Ry is the structural strength after the application

of the proof load SO’ then the structural strength distribution is given by the conditional probability

FL(x) - FL(S,)

R RO
F = PIR 5 x[R > S| = ————ere £ > 27
Ro(x) [ XI > 0] i FR(SO) or x SO (27)

Use of Eq. (16b) gives
k k
x(d; +d,) - x Sa(d, +4) - x
FR (x) = 1 - exp -.}_ { i 2 }.L) _( 0'"1 2 o) dv
0 v v \ Xy EN

for x(¢l +é5) 2 So(cb1 + ¢2) z X, (28)

Equation {28) is valid when x(d)l + ¢2) is proportional to So(d>l + ¢2). If this proportionality does not hold,
then the strength distribution, after application of SO’ is given by

k

+ - & & -
Fp (x) = 1-exp -2 (X“”l ¢2) Xu) _(so<¢1 +3,) xu) N
0 Y x .
for x($) + ¢) = Sy(@) +98,) = x, (29)

To simplify the algebra, Eq. (28) is used in what follows without essential loss of generality.
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For a spherical pressure vessel in which

approximately ¢l = ¢2 = ¢ = constant,

k k

- 2 -
Fo ) - 1 exp ) v /thb Xp.) -( Socb Xp.\
RO v \ X E /

for x = SO (30)

The probability of structural failure Pg due to the
proof load S follows then from Eq. (16b) as

Pp = FRriSy) =

1 - exp --{
v

Kk
S (6. +6.) - x
(01 2 ’*] dv;  (31)

L X0

v

and for the spherical pressure vessel thisbecomes

K
(2S¢ - x
0
pp =_1 - exp -g(____;(_)__ﬁ) (32)

Let P. be the probability of structural failure
due to n cycles of the cyclic load S after Sy has
been applied, and let Pes be the probability of
structural failure due to the sustained load S, for
a period of time T, given that the structure has

survived Sc' Then, it follows from Egs. (22) and

(23) that

SC

P, = P ﬁ-(-)- z W(n)
(o]
p:4
a FRO(W)fS (x) dx (33)

0 [od

and

S
Peg = p[R(;) > U(T)|R(n) > o]

X
= i FR(n)(W’R(n) > 0>fss(x) dx (34)

In Eqgs. (33) and (34), fsc(x) and fss(x) are,

respectively, the probability density functions

14

of S and Sg» and FRO(') i's given by Egs. (28)
or (30).

The conditional distribution function
FR(n)*/U(T)R(@) > 0)

of R(n) given R(n) > 0 can be obtained from Eq. (25)

as follows:

FR(n)(le(n) > 0)

P[R(n) < x[R(n) > o]

GER

= x

Substitution of Eq. (35) into Eq. (34) yields

cs

=} @©

F y
[l

)}>fsc(y) fss(x) dy dx

(36)

in which it should be realized that W™ *(x) = 0

for x 21 and FRo(x) = 0 for x < SO'
The probability of structural failure due tothe

application of sustained loading Sg for a period of

time T after passing the proof load test, i.e.,

without applying the cyclic loading S, is

s <«
= - = - =\ d 37
Pg P[Ro U(T)] A FRO(U(T)) s (x)dx  (37)

The probability of failure Py due to n cycles
of 5, given that the structure has survived Sg
for a period T after S;, can be obtained in a simi-

lar fashion as the probability of failure pcg.
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VI. OPTIMIZATION

Obtaining the best possible performance, or
the least possible cost, or the least possible
weight, etc., is an integral part of every struc-
tural design. The optimization task is to find the
values of the controllable parameters, subject to
the various constraints, that make a desired objec-
tive function an extremum. In this report, the
objective function to be optimized is the structural
weight or the statistically expected cost; i.e., the
mean cost due to coupon testing, proof testing and
mission degradation. The structural weight is
expressible in terms of the physical parameters
such as density and structural dimensions, and
the cost items are expressible in terms of the
proof-load test levels, as well as the physical
parameters. It is the objective of the present opti-
mization process to determine those proof-load
test levels and physical parameters which yield
minimum expected cost, or which yield minimum

weight subject to an expected cost constraint.

Coupon testing has as its prime purpose the
characterizations of the statistical strength prop-
The efforts and
costs that must be expended to establish, with suf-

erties of the structural material.

ficient confidence, the material strength distribu-

tions for one or more environmental conditions can

JPI. Technical Memorandum 33-470

be substantial. In particular, if this information
is required at the tail end of the.distributions, the
number of coupon tests and the associated cost
soon become intolerably high. Thus, in the over-
all cost picture, the required expenditures for
material characterization should be taken into

account.

As indicated by Eq. {(28), the truncated struc-
tural strength distribution FRO(x), after the appli-
cation of the proof load, is zero for strength
values less than S3. Therefore, the lower tail of
the original strength distribution Fy(x) does not
give any contribution to the probability of failure.
The upper tail of the truncated strength distribu-
tion contributes to the probability of failure depend -
ing on its relative interaction with the upper tailof
the load distribution. Since the interadtionbetween
load and strength distribution is of a general form,
as shown in Fig. 1, the upper tail contribution
Fp(x) to the probability of failure diminishes very
quickly with increasing distance from the mean
strength. Consequently, the greatest contribution
of the strength density function to the probability
of failure during service stems from the region
close to the proof-load test level (Fig. 1). Since

the determination of the probability of failure with
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certain confidence requires knowledge of the dis-
tribution functions of the load and of the truncated
strength Rg, it can be inferred that the required
cost of coupon tests to enable the determination of
the probability of failure with certain confidence
is strongly dependent on the proof-load level.

This cost will be called coupon testing cost or

material characterization cost. If different struc-
tural subsystems are used with differing materials,
the total coupon testing cost is the sum of the

characterization costs for each material.

The expected cost due tc proof testing is the
statistically expected cost of structural testing in
which one structure after another is tested at a
certain proof-load level, until a structure is ob-
This

cost includes the cost of the structures after their

tained that passes the applied proof load.

completion plus the actual cost of proof testing.
As Eq. (31) clearly indicates, this structural
qualification cost is also strongly dependent on the
It should be recalled that

the term structure refers here to structural sub-

proof-load test level.

systems such as struts, pressure vessels, etc.,
and that the structural system, such as a space-
craft structure, may consist of more than one sub-
system. If a number of structural subsystems
require qualification, then the total proof testing
cost is the sum of the statistically expected costs

due to proof testing for each subsystem.

From a structural utilization point of view,

it is not only important to consider the costs of
coupon testing and proof testing, but also the cost
that will be incurred if the structure fails during
the time of its use. In space applications, this
cost may range from cost of total mission loss to
negligibly small cost, depending on whether struc-
tural failure occurs at the beginning of a mission
or after the mission objectives have been fulfilled.
This cost would also depend on whether structural
failure causes complete destruction or only some
mission degradation. The statistically expected
value of this cost, which will be called mission

degradation cost, is the product of the actual cost

of mission degradation and the probability of
occurrence of this degradation, which is the prob-

ability of structural failure.

The preceding discussion indicates that the

total statistically expected cost EC for n structural

16

subsystems is the sum of the statistically expected
costs EC; for each ith structural subsystem, which

can be written as

(38a)

n
EC = E ECi
i=1

ECi Ci(Ei) + qi(ei)COi + pfi(ei, Vi)cf (38b)

where the three terms on the right side of Eq.
(38b) represent coupon testing cost, proof testing
cost, and mission degradation cost, respectively,
of the ith subsystem. The proof test levele; for
the ith structural subsystem is the ratio of the
proof load S, to the mean structural strength ﬁi;
Ci is the coupon testing cost for the ith structural
subsystem; q; is the expected number of the ith
structural subsystem failing before the one sur-
viving the proof load is obtained; COi is the cost of
losing one of the ith structural subsystem during
proof load; Cf is the actual cost of mission degra-
dation; Py; is the probability of structural failure
of the ith structural subsystem during the mission.
The approximation of the summation sign for the
mission degradation cost in Eq. (38) is on the
conservative side (Refs. 2 and 3). It follows from
the developments in the previous section; that pgj
is not only a function of € but also of the central
- -
mean strength R; to mean load S-l, or of some
It should be

noted that v is numerically different from the

safety factor, v, = I_{i/g.l, which is the ratio of
other central measure of location.

conventional safety factor, which is usually based
on percentiles of R; and S;, but plays, in principle,

the same role.

The equations in Section V are valid for any
ith structural subsystem. Since Sg; = ¢.R,, the
probability of failure Poi of the ith structural sub-
system due to the proof load SOi given by Eq. (31)
can be expressed in terms of €. It can be shown
that

Po;{¢;)

qfey) = 7 Poyl€y)

(39)

which gives the functional dependence of g

on €.,
1
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The coupon testing cost requires some expla-
nation. Note that it is the subsystem that is sub-
jected to proof testing. For this reason, theorigi-
nal subsystem strength R; is truncated into Rpj;.
Since the distribution of Ry and hence the distribu-
tion of Ry; are derived from the distribution of the
coupon strength R; for the ith subsystem (i.e., Eq.
(11), and since only the strength distribution func-
tion associated with the strength value R; = Sp;
(i.e., Rpj), is needed in evaluating the probability
of failure, it is necessary to establish the coupon
strength distribution, with certain statistical con-
fidence, only for those coupon strength values
Rci » Scj with S.; being the value associated with
the truncation point Sp; (or proof load) of the sub-
system strength. Let €; be the ratio of S¢j to the
mean coupon strength _Izci for the ith subsystem;
i.e., € = Sci/ﬁci‘

on €; should be such that C;is increasing with in-

The functional dependence of C;

creasing absolute difference between €; and 1, i.e.,
with |€; - 1| (see Ref. 3 for a detailed discussion).
Thus ¢; should be expressible as a function of ¢; so
that Ci in E§. (38) can be written as a function of
¢;. In this report, the following assumptions are
made: (1) in the Weibull distribution, the param-
eter x, is equal to zero, and (2) in Eq. (16b), for
each ith structural subsystem the expression

(4>l + d>2) is independent of the space coordinates.
While the first assumption is not particularly
restrictive, the second assumption implies a
homogeneous stress field within each structural
subsystem. With these two assumptions, and
using Eqs. (11) and (16b), it can be easily shown
that?i SIS

It is now assumed that the coupgn testing cost
for the ith structural subsystem can be approxi-
mated by an expression of the following form
(Ref. 3):

m.
R 1' t (40)

Ci(ei) o Ai + 6iBi Ei
where A.1 is the minimum cost of coupon tests
necessary for the determination of the mean value
of coupon strength with certain confidence. The
terms Bi and m, are constants, and 61 is a constant
that may take different values 6: and 6; for ¢; > 1

and o < 1, respectively.
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If €, < 1, the significant part of the truncated
strength distribution for the evaluation of the
probabilify of failure is located between the proof-
load level and the central portion of the strength
distribution, whereas, if € > 1, the significant
part lies beyond the central portion of thedistribu-
tion. To establish the strength distribution with
certain confidence, this suggests that a larger
sample of coupons is required if € > 1l as com-

pared to ¢, < 1 for the same value Iei - 1.

When one considers the preceding remarks
and divides Eq. (38) by Cf, the total relative
expected cost EC* = EC/Cf and the relative
expected cost for the ith subsystem ECl = EC.l/Cf,

become

Ec” - E EC, (41a)
i=1
2 mi
EC, = o +8B,f; - 1|
+qp(e)y; +pglepvy) (41b)

where @, = A,/C; B, = B,/C, and y; = C,/C,.
Note that Bi and Y; indicate the relative importance
of the ith subsystem with respecttothe actual cost
of mission degradation if the ith subsystem fails
and, as will be shown later, these values are the

important parameters in the optimization process.

The optimization problem can now be stated
as either one of minimizing the structural weight
subject to a constraint on the relative expected
cost given in Eq. (41), or one of minimizing the
relative expected cost EC* subject to a constraint
on the structural weight. Both approaches are
essentially the same. In this report, the optimiz-

ation problem is stated as follows:

Minimize the total structural weight G sub-
ject to the maximum expected cost constraint
EC* = EC*.

a

The objective function
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with G, being the ith subsystem weight, can be

written as a linear function of the design variables

h.(i:l, 2, e
i

the cross-sectional area of the ith subsystem strut

, n), where h.1 may, e.g., represent

or the thickness of the ith subsystem pressure

vessel; thus

G - Zgihi (42)

i:l

where g; represents functions of physical and geo-

metrical parameters of the ith subsystem.

It is emphasized that if the proof-load test is
not performed or is not considered (i.e., if all
qi(ei) = 0), and if the material properties are well
known to engineers so that coupon tests are not
needed (i.e., if all @, = ﬁi = 0), then the maximum
constraint EC: becomes the maximum constraint
of the probability of failure, and the problem

reduces the optimum design based on a reliability

constraint criteria that is discussed in Refs. 16-21,

Since Eq. (41) is the only constraint, and
since the objective function is linear in hl, the

constraint is always active; i.e., at optimum, the

18

equality sign should hold in the constraint. Note
that the central safety factor vy in Eq. (41) can be
expressed as a function of hj’ j=1,2, -+, n; i.e.,
vi = vy (hl’hZ’ ., hn)' Using the method of
Lagrangian multipliers, one can show that at opti-

mum the following equations hold:

=0, i=1,2, ..., n  (43a)

(43b)

Equation (43) states thatfor an optimum structural
weight, the proof-load level €, to be applied to the
ith structural subsystem should also be optimmum
in the sense that corresponding to a given safety
factor vy the relative expected cost should be

minimum at that level.

As for the optimization technique, depending
on whether the structural system is statically
determinate or statically indeterminate, the itera-
tive procedure or the gradient move method can
be employed, respectively. This subject is dis-

cussed in detail in Ref. 2.
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VII. NUMERICAL EXAMPLE

A 20-in. -diam spherical pressure vessel is
to be designed to sustain an internal pressure S
after proof testing for 360 h. The weight of the
vessel is to be minimized for an appropriate choice
of proof-load level e(or SO) and vessel wall thick-
ness h in such a way that the total relative expected
cost EC* does not exceed a certain assigned value
EC:(constraint). The sustained pressure is
assumed to be normally distributed with mean
value §s = 1000 psi and 2% coefficient of varia-
tion. (Since only one subsystem is considered,
the subscript i is dropped.) It is assumed that the
material is titanium Ti-61A-4V and that the coupon
strength has a Weibull distribution with a mean
value of R. @ 160,000 psi and coefficient of varia-
tion of 10%, with a coupon size of 8 in. long, 1/2
in. wide and 1/4 in. thick. Based on the discus-
sion in Section VI, it is further assumed that in
Eq. (40), 6~ = 1 for e <1 and 67 = 2 for ¢ > 1,
and m = 1. The vessel is to be designed for room
temperature at which the parametric values in
Eq. (24) for U(t) areb = 0,5, r = 0.5 and
T = 0.713. The stress field is assumed to be

such that 4)1 = 4)2 = ¢ = constant,

The Weibull distribution for the coupon
strength is given in Eq. (11), from which, it fol-
lows that

JPL Technical Memorandum 33-470

- [F(l +£’)'F2(1‘:%ﬂl/2 (44)

and

= *0 1
C

where O'RC is the coefficient of variation of the

coupon strength equal to 0.1, and ﬁc is the mean
coupon strength equal to 160, 000 psi. Hence, the
parameter k can be evaluated from Eq. (44), and

then xg can be computed from Eq. (45).

In accordance with the discussion in the pre-

vious sections,

= *0 1
R :—\7-171-{1-'(1 +-E) (46)
26()
d
6 -5 (47)
R
v = (48)
Ss
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vg d(TrdZ)
h = __S______l_ (49)
Zxof(l +T<-)
Pyle) k
qle) = T'—(;_O(J = exp {[el“(l +-11(-)] }-1 (50)

in which the daimeter of the vessel d = 20 in., the vessel material volume V = Trdzh; and the proof load

level e = So/ﬁ with S, being the proof load.

According to Eq. (37), the probability of vessel failure due to Ss’ after the vessel passed the proof

test, can be written as

@ 1 k 1 .
x - 5)\° xl"(l +—-)] s r(1+-—)
- 1 1 s k 0\ k 51
v =2-2{37) [\' o )| TvmR | TR b (B
s7s VS U(T) s 8
where o, = 0. 02 is the coefficient of variation of SS and where Py = Py
The introduction of the transformation y = x/R into Eq. (51) yields
@ - [ 1 k
2 il + k
1 v . lf{yv -1 y ( k) 1
R 2 exp {-7(___0 ) } oo A=K ser(eg) ey 62)
T /
(2) s U(T) S L U(T)

In this particular example, since there is only one subsystem, Kq. (4l) can be written as

ECY = a + 688 - 1| + q(e)y +pgle,v) (53)

in which the subscript i has been dropped and it can be shown that the optimum values of v and e can be

determined from the following two equations:

i3

3EC_ _ (54a)
de
Ec” - Eca (54b)

The relative expected cost EC* in Eq. (53) is plotted as a function of ¢ for different values of y and B
with q(e) and pf(e ,v) being given by Eqs. (50) and (52). These plots are shown in Fig. 11 for a particu-
lar value v = 2.1. ‘ine constant value ¢ in Eq. (53) has been disregarded in these figures, since it has
no effect on the optimization process. Including a nonzero value for @ would give to the plots a corre-

sponding shift parallel to the EC* axis.

Those values of ¢ for which EC™ becomes minimum for a given v are denoted by ¢*. The solution
space of the optimum design, Eq. (54), can then be constructed by plotting the locuses for different
values of v as shown in Fig. 12. This figure is the extended version of Fig. 11, and is referred to as

the optimum design space.
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The optimum design procedure can now be

summarized as follows:

(1) Construct the optimum design space,

e.g., Fig. 12.

(2) Read v and ¢* from the optimum design
space constructed in step (1) for speci-
fied constraint Ecz and given values of

y and 8.

(3) With the safety factor v obtained in step
(2), the optimum (minimum) thickness h
of the vessel or the minimum weight G

can be determined from Eq. (49).

If the relative expected cost EC* is to be
minimized, subject to the constraint on the vessel
weight (or safety factor va), the relationship of
Eq. (54a) is still valid but Eq. (54b) should be

replaced by v = Vo Hence, the minimum relative
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expected cost design can be obtained either by
plotting EC* as a function of ¢ for given 8,y, and
constraint v_, suchas Fig. 11, to find e* and
minimum EC”", or by reading ¢ and minimum
EC* directly from the optimum design space con-
structed previously, for a specified constraint

vy and given value of y. Numerical results for

three specific cases are given in Table 1.

It should be noted that if the proof-load test
is not performed or not considered (i.e., if
g(e) = 0), and if the material property is well
known so that the coupon tests are not needed
(i.e., if @ = B = 0), then the maximum constraint
EC: on the relative expected cost becomes the
maximum constraint on the probability of failure.
The problem reduces then to the optimum design
based on the reliability criteria. This design is

termed "Standard Optimum Design" in Table 1.

21



Table 1. Optimum design of pressure vessel

-6 5 4 Standard Optimum
Parameter Y =10 Yy =10 Yy =10 Y = 10 Design@

g = 0.0, EC* = 10-°
a

Thickness | 0.1869 0.2086 0.2472 0.300 0.6311
h, in.
e* 1.11634 1.00845 0. 8568 0.70928 0.0
So psi | 2130 2128 2113 2089 0.0
v 1.9082 2.1104 2.4668 2.9450 5. 8300
P 0.7934x 1077 | 0.4787 x 10™7 | 0.4223 x 1077 | 0.706 x 1077 107°

g = 0.0, EC = 107>

Thickness | 0.1746 0.1852 0.2065 0.2447 0.5134
h, in.
* 1.179 1.114 1.0091 0. 850 0.0
Sg psi 2113 2108 2110 2088 0.0
v 1.7925 1.8926 2.091 2. 444 4.8238
Py 0.174 x 10™> | 0.177x 107% | 0.472 x 10°® | 0.72 x 10°° 1075
g = 0.0, Ecj = 104
Thickness | 0.1661 0.1727 0.1833 0.2042 0.4176
h, in,
e* 1.2172 1.179 1.116 1.008 0.0
So» Psi | 2090 2094 2091 2087 0.0
v 1.713 1.775 1.874 2.07 3.99
B 0.374 x 10°% | 0.2115 x 107% | 0.1242 x 107* | 0.5731 x 10°5 104
p =107, EC* = 107
Thickness | 0.1765 0.1870 0.2066 0.2484 -
h, in.
e* 1.169 1.096 1.0086 0.8510 -
Sg» psi 2117 2093 2110 2089 -
: 1.81 1.91 2.092 2.477 .
P 0.1042 x 1072 | 0.8236 x 10° | 0.4639 x 10® | 0.6941 x 10-° .

2The Standard Optimum Design is possible only when g = 0.
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Table 1 (contd)

Standard Optimum

Parameter Y =10 Y =10 Y =10 Y =10 Designa
B =102, BC* = 107%
a
Thickness 0.1665 0.1728 0.1834 0.2042 -
h, in.
¥ 1.2170 1.178 1.115 1.008 -
Sq. psi 2088 2092 2090 2087 .
v 1.716 1.776 1.876 2.07 N
P 0.34 x 1074 0.1642 x 10°% | 0.1207x 10°* | 0.573 x 107> -
8 = 1074, EC* = 0.5 x 1074
Thickness | 0.1734 0.1807 0.1920 0.2158 .
h, in.
e* 1.1865 1.138 1.073 0.9594 -
Sg» psi 2114 2104 2098 2090 .
v 1.781 1.850 1.960 2.178 i,
B, 0.176 x 107> | 0.349 x 107> | 0.358 x 10" | 0.253 x 1077 .
B = 1074 EC¥ = 1074
Thickness | 0.1671 0.1744 0.185 0.2042 .
h, in.
e 1.216 1.170 1.107 1.008 -
So» psi 2090 2094 2093 2087 .
v 1.7218 1.791 1.891 2.070 -
P, 0.1 x10°% 0.1277 x 10°% | 0.93 x 107> 0.574 x 1072 ;

%The Standard Optimum Design is possible only when = 0.
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VIIL

Using Eq. (53), one obtains curves of the rel-
ative expected cost EC* versus proof load level ¢
for different B, and for different safety factors v.
Figure 11 shows representative curves for four y
values, three B values, and a particular safety
factor v = 2.1. In Fig. 11, the relative expected
cost EC* changes very little for ¢ less thanapprox-
imately 0. 85. For other safety factors, EC¥ be-
haves similarly, indicating that there is no advan-
tage in conducting proof testing below a certain
In all three cases,f = 0, B = 10'5 and

B = 10'4, the optimum proof-load levels areinthe

value of¢.

vicinity of ¢ = 1.0 with a slight and expected ten-
dency of the optimum proof-load levels e* toward
unity with increasing B. It is due to this fact that
under reasonable relative expected cost con-
straints, the optimum proof-load level ¢ ¥ will fall
with great likelihood within the range of two stan-
dard deviations around the mean value R. From
the designer's point of view, this is desirable,
since in general, a considerably greater number
of coupon tests is required for characterizing the
truncated strength distribution with a certain level
of statistical confidence if ¢¥ falls outside this
region. It is noteworthy that forv = 2.1, EC¥ is

very sensitive to changes of ¢ in certain regions,
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DISCUSSION AND CONCLUSION

suchas 0.9< ¢ <1.0ande21.1;¢2 0.97, EC*
is also sensitive to Y. Similar statements hold

also for safety factors different from v = 2.1.

In Fig. 12, the relative expected cost EC* is
plotted as a function of the optimum proof-load
level ¢* for the same three values of B as in Fig.
11. Figure 12 is an extension of Fig. 11 in that
the lines for v = 2.1 give the optimum points
indicated in Fig. 11, while the lines for the other
values of v reflect the optimum points of similar

curves as those in Fig. 11.

The first set of curves for B = 0 in Fig. 12
shows that when the coupon test is not needed, the
relative expected cost EC* can be made as small
as desired simply by decreasing ¢* and increasing
the safety factor v, or the weight which, in this
case, is proportional to v. This result is a con-
sequence of the fact that EC* is not, in this case,
a function of the cost of coupon test. If the cost of
coupon testing is considered (i.e., if B # 0 as for
the second and third set of curves in Fig. 12), then
the relative expected cost EC* has a lower limit.
This implies that in such cases a relative expected
cost constraint less than this lower limit yields no

feasible solution. Itis evident from Fig. 12 that
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for B # O the absolute optimum proof-load level is
in the vicinity of ¢* = 1.0 for p = 10 with v = 2.2
and for B = 10”% with v = 2.1. Additional details
regarding the influence of the cost of coupon tests

on the optimum design are given in Ref. 3.

Table 1 gives specific numerical results for
different values of p and for specified relative
expected cost constraints EC; It is particularly
instructive to compare the results of the Standard
Optimum Design ¢¥ = 0 with those of the optimum
design considering the proof-load test; i.e., for
y = 107" to 107%,

saving realized (weight is proportional to h), but

Not only is considerable weight

also a great reduction of the probability of failure
Pg is obtained if the proof-load level is considered
as a design variable. The percentage of weight
saving of the optimum design with proof-load tests
as compared to the design without proof-load tests
is much higher in this case than in the examples
given in Refs. 2 and 3. This is because in the
present case, the coefficient of variation of the
strength R of the vessel ((TR = 10%) is higher than
the coefficient of variation of loading.fo-s = 2%) so
that the probability of failure comes mainly from
the lower portion of the strength distribution,

In Refs. 2

and 3, low-dispersion material (o-R = 5%) is used

which is truncated by the proof-load.

for high-dispersion loading (U'S = 20%). The fact
that the proof-load test improves the statistical
confidence of the reliability estimate is discussed
in Refs. 2 and 3.

As in Refs. 2 and 3, the conclusion can be
drawn here that the weight saving of the optimum
design depends to a large degree on the parameter
value y. For low values of y, one can afford to
lose more vessels during proof-load testing; i.e.,
higher values of ¢ can be applied and these result
in higher strength vessels and the saving of
structural weight.

Table 1.

This follows from Fig. 12 and

A general conclusion that can be drawn from
the preceding discussion is that in proof testing
structural subsystems it is to be expected that
some of these subsystems will be lost. In fact, in
many cases where ¢ = 1.0, it should be expected
that approximately half of these subsystems will
be destroyed during proof testing for the achieve-
ment of minimum expected cost EC¥, This is

JPL Technical Memorandum 33.470

often incompatible with prevalent thinking during
project applications, particularly if the subsys-
tems are pressure vessels. It is often expected
that no pressure vessel will be destroyed during
proof testing and that pressure vessels are de-
signed to fulfill that expectation. This implies
that pressure vessels are designed for the proof
load rather than the expected mission environment
and.are proof tested at a level ¢ that corresponds
to the nearly horizontal portion of the curves for
BC* in Fig. 11. As stated above, proof loads at
such levels have no advantage in terms of expected

cost.

In the development of this report, various
simplifying assumptions were made that could be
relaxed in a more extensive study. Nevertheless,
it is believed that the results of this report are
representative and would not undergo major quali-
tative changes if these assumptions were relaxed,
although quantitative changes would be expected.
These major assumptions and some of their impli-

cations are discussed below.

The first specific assumptions were that (1)
the statistical variation of the material strength is
only due to the flaw size parameter a,j = (a/Q)J. in
Eq. (3),and (2) it is sufficiently accurate to use the
mean value of 45° for the flaw orientation so that
the computational effortinvolved becomes tractable.
The first assumption is not important in the pre-
sent development because the results derived here
are based on experimentally determined statistical
distributions of material strength by coupon tests
rather than a determination of the strength based
on the statistical distribution of flaw size. The
second assumption, which implies that failure
occurs when the sum of the two principal stresses
exceeds a critical value (Eq. 16), is considered a
reasonable first approximation for cases in which
both principal stresses are tensile stresses, as in
thin pressure vessels. It is believed, however,
that this assumption warrants additional extensive
investigations based on Eq. (14) with the objective
of determining, for various combinations of prin-
cipal stresses, the effect of the distribution of

flaw orientation on the strength distribution FR(S).

Another assumption is that strength deterio-
ration due to time effects, i.e., due to cyclic

loading and sustained loading, can be represented
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by equations with deterministic parameters as
shown in Section IV, This assumption can only be
accepted in a qualitative fashion, since it is known
from experience that the time-to-failure of a spec-
" imen has a considerable statistical variation even
if the initial flaw size is the same from test to test.
Considerable additional investigations, both exper-
imental and analytical, are required before this
problem can be adequately understood; perhaps it
must be assumed that the parameters involved in

Eqgs. (20) and (21) are statistical variables.

In Section VI, the assumption that Xy = 0 in
the Weibull distribution is equivalent to saying that
there is no stress threshold value below which no
failures occur, It is expected that this assumption
has little effect on the results of the present
investigations, since the proof load eliminates the

lower end of the strength distribution,

Equation (38) represents the statistically
expected cost that is used in the optimization pro-
cess as a constraint. In this process, it is implied
that the cost hasea statistical distribution, which
is not considered in this report, If the cost con-
straint is stated so that the probability of exceed-

ing a given cost level is required to remain less

26

than a certain value, it is necessary to also con-
This

aspect of the problem has not yet been treated in

sider the statistical distribution of the cost.

the literature.

A further assumption in this report (not ex-
plicitly stated) is that the mission load statistical
distribution is independent of time, although the
most important problems deal with dynamic loads
and wide time changes of the environnients, such
as temperature fluctuations, radiation, etc, It is
expected that the investigation in this report is
only quantitatively influenced by these environ-
mental changes while, qualitatively, the results

are still valid,

The objective function in this report is the
weight of the structural system. Other objective
functions can be chosen, of course; for instance,
the expected cost, or the reliability, can be used
as an objective function that is to be minimized or
maximized. For electronic systems, in which the
subsystems are the electronic components or the
integrated circuits that are proof tested before
use, weight is usually not the critical quantity to
be minimized., In such cases, cost or reliability

would be more appropriately extremized,
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